We give error estimates for the approximation of a laminated microstructure which minimizes the energy R rvx dx for a rotationally invariant, double well energy density A. We present error estimates for the convergence of the deformation in L 2 ; the convergence of directional derivatives of the deformation in the twin planes," the weak convergence of the deformation gradient, the convergence of the microstructure or Young measure of the deformation gradients, and the convergence of nonlinear integrals of the deformation gradient.
Introduction
Martensitic crystals are often found in nature and in the laboratory in a simple laminated state where the crystal structure alternates between two symmetryrelated variants Burkart and Reid 1953 and Basinski and Christian 1954 . These observations are now w ell explained by a continuum theory for martensitic crystals based on energy minimization for an energy density which attains a minimum value at several symmetry-related deformation gradients Ericksen 1986 and Ball and James 1987 . It is usually also desired that such an energy density be rotationally invariant or frame-indi erent James 1987, 1992 , so the energy density attains its minimum value on multiple, rotationally invariant energy wells. The simple laminated state found in This work was supported in part by the NSF through grants DMS 91-11572 and DMS 95-05077, by the ARO through grant D AAL03-92-G-0003, and by a grant from the Minnesota Supercomputer Institute.
nature is modeled in the continuum theory by energy minimizing sequences of deformations which h a ve l a yers with width converging to zero in which the deformation gradient is nearly constant and across which the deformation gradient oscillates between the energy wells so that the e ective energy density becomes the relaxed energy density see, for example, Pedregal 1991 and Kohn 1991. We consider in this paper an energy density with two rotationally invariant energy wells Kohn 1991 and Ball and James 1992. The resulting mathematical model gives the laminated microstructure described above. For prescribed boundary conditions which are compatible with this simple laminate, it has been proven by Ball and James 1992 that the limiting microstructure or Young measure of the deformation gradients for energy minimizing sequences is unique. Although this problem has been widely utilized as a test problem for the numerical approximation of microstructure see, for example, Collins and Luskin 1989 , Collins, Luskin, and Riordan 1991 , and Collins 1993, there has not previously been given a proof of convergence or error estimates for any approximation method.
We denote the reference domain for our crystal by , which is assumed to be a polygonal domain in R 3 . We will consider deformations v : ! R 3 1992, we assume that they satisfy the condition det F + = det F , 0 1 and the Hadamard condition that there exist a 2 R 3 and n 2 R 3 , a; n 6 = 0 such that F + = F , + a n 2 where a n 2 R 33 is the tensor product of a and n de ned by a n ij = a i n j :
We will assume without loss of generality b y rescaling a that jnj = 1 :
We shall see in x 3 that the Hadamard condition 2 allows the existence of a continuous deformation with planar interfaces with normal n which are called twin planes" in the physical theory separating layers in which the deformation gradient is either F + or F , .
We wish to approximate the microstructure for a simple laminate. Boundary conditions that are compatible for a simple laminate which is described in more detail in x 3 j q in the integrand of 4 is not part of the physical elastic energy density, but is a penalty term" which has been added as in the one-dimensional case for mathematical convenience to force the convergence of vx ! F x in L q ; R 2 for energy minimizing sequences of deformations. However, in contrast to the one-dimensional case, for the multi-dimensional problem the microstructure or Young measure for minimizing sequences for the energy 3 is unique even if the elastic energy density does not include the term jvx,F x j q Ball and James 1992. The results that we prove in this paper do not utilize a term jvx,F x j q in the energy density, but rather show that the convergence of vx ! F x in L 2 ; R 3 and the convergence of the microstructure depend only on minimizing the elastic energy 3.
The statements of our theorems and lemmas are given in x 2. The remaining sections give the proofs of the theorems and lemmas. An estimate for the minimization of the energy Theorem 1 is given in x 3. The proofs of the L 2 convergence of the directional derivatives in the plane orthogonal to n Theorem 2 and of the L 2 convergence of the deformation Lemma 2 are given in x 4, the estimate for the weak convergence of the deformation gradient Theorem 3 is given in x 5, the estimate for the convergence of the deformation gradient t o the set f F + ; F , g Theorem 4 is given in x 6, the estimate for the convergence of the microstructure Theorem 5 is given in x 7, and the estimate for the convergence of nonlinear integrals of the deformation gradient Theorem 6 is given in x 8.
De nitions and Main Results
We shall assume that grows quadratically away from the energy wells. To describe this precisely, w e let : R 33 ! U be a Borel measurable projection de ned by kA , Ak = min B2U kA , Bk: We note that such a projection exists since U is compact, although the projection is not uniquely de ned at A 2 R 33 where the minimum above is attained at more than one B 2 U : We The operators RA and A are easily seen to be uniquely de ned by the relation 6. We shall de ne the properties required for our nite element spaces abstractly so that they can be applied to the di erent nite element spaces which have been used to compute microstructure. We assume that h for 0 h h 0 is a family of decompositions of into polyhedra fKg such that Quarteroni and The following results will be given for an arbitrary v h x 2 M F h : This allows the applicability of the results to the local minima with small energy which are typically computed rather than a global minimum Collins 1993. We also note that the results hold for arbitrary vx 2 W 1;1 ; R 3 C F ; R 3 ; so the results are also applicable to more general approximation procedures.
The following lemma shows that the deformation gradients of minimizing sequences converge to the union of the energy wells U = U + U , : It follows trivially from 5. The result of Theorem 6 now follows from 37 and 39. 2
